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Generalized Spatial Talbot Effect based on All-dielectric Metasurfaces
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Department of Electronics, Carleton University
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A generalized spatial Talbot effect is proposed where the period of the input aperture is scaled
by a non-integer real value, as opposed to the integer-only factor in a conventional Talbot effect.
This is achieved by allowing and engineering the phase discontinuity distributions in space using
metasurfaces, in conjunction with free-space propagation. The introduction of such abrupt phase
discontinuities thereby enables non-integer scalings of the aperture periodicities. Specific implemen-
tations using Huygens’ metasurfaces are proposed and their operation to achieve non-integer scaling
of the input aperture period is demonstrated using numerical results based on Fourier propagation.
I. INTRODUCTION
Talbot effect was originally observed by Henry Fox Tal-
bot and described in his seminal work in [1]. When a
plane wave is incident on a periodic aperture, the image
of the aperture is self-replicated at specific discrete lo-
cations away from the aperture. At other distances in
between, the aperture is self-imaged with smaller period
resulting in higher repetition of the periodic illumina-
tions. This effect is known as the spatial Talbot effect.
Talbot effect has found extensive applications in imaging,
optical communication, optical computing, and optical
interconnection, to name a few and a more comprehen-
sive review can be found in [2]. The Talbot effect has
also been translated to temporally periodic signals. In
a temporal Talbot effect, the space-time duality is ex-
ploited to achieve self-imaging of periodic pulse trains,
where their repetition rates are increased using simple
phase-only filtering techniques [3][4].
While Talbot effect has conventionally been used in
repetition-rate multiplication of either the periodic spa-
tial aperture or the periodic pulse trains, they have been
extended to achieve repetition-rate division as well re-
cently [5][6]. However, to the best of my knowledge, the
period of the aperture is either multiplied or divided by
an integer factor only. In this work, this concept of pe-
riod scaling is generalized to non-integer factors, where
the input periodic aperture can be imaged with either
a higher or a lower repetition rate by any arbitrary real
number. The specific contributions of this work are: 1)
Proposal of a generalized Talbot effect described in the
spatial domain for arbitrary scaling of aperture periodic-
ities. 2) Specific implementations of generalized Talbot
system using metasurfaces [7][8], which are 2D array of
subwavelength particles to provide abrupt phase discon-
tinuities in space.
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II. PRINCIPLE
A. Conventional Talbot Effect
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FIG. 1. Generalized spatial Talbot effect where the period of
the 2D array of sources is scaled by an arbitrary real number
m in the output plane, as opposed to integer-only values in
the conventional Talbot effect.
Consider an aperture consisting of a 2D array of holes
with period Λ = X0 at z = 0, as shown in Fig. 1(a),
illuminated by a plane wave of frequency ω (or wave-
length λ). Such an aperture acts as a 2D array of point
sources, which then radiate along the z−axis. Due to
diffraction, the periodic sources interfere with each other
forming complex diffraction patterns. However, at inte-
ger multiples of distances ∆z = X20/λ = zT , known as
the Talbot distance, the input aperture distribution is
re-constructed with the same periodicity as a result of
free-space interference. This phenomenon is called the
2integer Talbot effect. At other distances z = zT /m, the
fields are self-imaged with m−times the spatial repeti-
tion rate of the input aperture, as shown in the bottom
of Fig. 1(a), i.e. Λ = X0/m. This phenomenon is called
the fractional Talbot effect. Therefore, in a conventional
spatial Talbot effect, the periodicity of the input aperture
is always increased by an integer number m, i.e.
Λ=X0/m︷ ︸︸ ︷
ψT (x, y, zT /m) = ψT (x, y, 0)︸ ︷︷ ︸
Λ=X0
∗h(x, y), (1)
where h(x, y) is the impulse response of free-space.
B. Generalized Talbot Effect
The conventional Talbot effect is observed under the
assumption that there is no phase discontinuity across
the aperture so that ψT (x, y, 0) = |ψT (x, y, 0)|. This
assumption consequently restricts the repetition-rate in-
crease factor m to integer values only. However, if the
aperture is allowed to feature abrupt phase discontinu-
ities across it, this restriction of integer-only values of m
is lifted. This can be understood by considering two frac-
tional Talbot distances z1 = zT /p and z2 = zT /q such
that
ψT (x, y, zT /p) = |ψT (x, y, 0)| ∗ h(x, y) (2)
ψT (x, y, zT /q) = |ψT (x, y, 0)| ∗ h(x, y). (3)
Alternatively, the above equations can be written in a
complex spatial frequency domain as
ψ˜T (kx, ky, zT /p) = |ψ˜T (kx, ky, 0)| × H˜(kx, ky) (4)
ψ˜T (kx, ky, zT/q) = |ψ˜T (kx, ky, 0)| × H˜(kx, ky). (5)
Substituting |ψ˜T (x, y, 0)| from the second equation into
the first and using H˜(kx, ky, z) = e
−ikzz, one get
ψ˜T (kx, ky, zT /p) = ψ˜T (kx, ky , zT/q) exp
[
−ikzzT
(
1
p
−
1
q
)]
(6)
In this case considered, p < q. Inverse Fourier transform-
ing the above equation leads to
ψT (x, y,∆z) = ψT (x, y, 0) ∗ h(x, y,∆z), (7)
where ∆z = zT (1/p− 1/q), where z = zT /q is chosen as
a new reference plane. This equation can then be further
written as
Λ=X0/p︷ ︸︸ ︷
ψT (x, y,∆z) = [|ψT (x, y, 0)|︸ ︷︷ ︸
Λ=X0/q
×
Metasurface︷ ︸︸ ︷
T (x, y) ] ∗ h(x, y,∆z),
(8)
where T (x, y) = ∠ψT (x, y, 0) = ∠ψT (x, y, zT /q). This
equation tells us that an input aperture field with a pe-
riod Λ = X0/q when multiplied with a phase function
T (x, y) results in another periodic field at z = ∆z with
a period Λ = X0/p. In other words, the period has been
scaled by a non-integer value m = q/p between the in-
put and the output planes. Such a system is referred
here to as the generalized spatial Talbot system and the
corresponding effect as the generalized Talbot effect, as
illustrated in the bottom of Fig. 1(b). The phase func-
tion T (x, y) represents a spatial phase discontinuity pro-
file which enables the scaling of the repetition rate of
the input aperture fields by a non-integer value. Such
a phase discontinuity can be easily introduced using a
metasurface, as will be shown in Sec. IV.
In summary, when the input aperture field with the
period Λ = X0 is spatially cascaded with a metasurface
with transmittance T (x, y) = ψT (x, y, zT /q), and propa-
gated by a distance z = zT (1/p− 1/q), the output field
distribution exhibits a scaled period Λ = (q/p)X0.
III. METASURFACE TRANSMITTANCE
FUNCTIONS
As described in the previous section, the metasurface
of Fig. 1, is a phase-only function, and it mimics the
phase distributions of the fractional Talbot self-images,
i.e. T (x, y) = exp{i∠ψT (x, y, zT /m)}. In this section,
the closed-form expressions of these phase distributions
will be developed.
Let us assume for simplicity, a one-dimensional peri-
odic array of sources with the amplitude distribution
ψin(x) =
+∞∑
a=−∞
δ(x − aX0). (9)
After a propagation through free-space along z−axis,
the output fields are given by ψ(x) = ψin(x) ∗ h(x, z),
where the impulse response h(x) = exp(−ipix2/λz), un-
der paraxial conditions (time convention used here is
ejωt). Using this equation with (9), and simplifying the
convolution integral, we get
ψ(x) = e−i
pix
2
λz
+∞∑
a=−∞
exp
(
−ipia2n
)
exp
(
in
2api
X0
x
)
,
(10)
where X20/λz = n assumed to be an integer, i.e. n ∈
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FIG. 2. Computed fields at the output plane when a periodic array of sources are phased following (13a) and (13b), to achieve
a repetition rate scaling by a factor of m = 1.33 and m = 1.5, respectively. Here X0 = 100 µm and the individual sources are
assumed to be Gaussian functions ψ(x, y) = exp[−(x2 + y2)/2w20 ], with w0 = 5 µm. The design frequency is 250 THz. Only a
small part of the overall aperture is shown for clarity.
I. This corresponds to propagation distance z = zT /n,
where zT = X
2
0/λ, known as the Talbot distance.
1. Case 1: when is n even, exp
(
−ipia2n
)
= 1, and
thus (10) reduces to
ψ(x) =
X0
n
+∞∑
a=−∞
δ
(
x− a
X0
n
)
exp
(
−i
pia2
n
)
, (11)
2. Case 2: when n is odd, (10) reduces after straight-
forward manipulation to
ψ(x) =
X0
n
+∞∑
a=−∞
δ
(
x− a
X0
2n
)
[1− ejpia] exp
(
−i
pia2
4n
)
(12)
These equations are derived using the identity∑
∞
a=−∞ exp(2pijax/X0) = X0
∑
∞
a=−∞ δ(x − aX0).
Equations (11) and (12) reveals that the period of the
output field ψ(x) is smaller by a factor of n compared
to the input field in both cases, as expected at the frac-
tional Talbot distance z = zT /n. Repeating the same
procedure for a 2D array of sources, the complex phase
of the output self-imaged patterns at the location (a, b)
on the aperture can be verified to be [9]
φ(a, b) = −
2pi(a2 + b2)
n
(13a)
φ(a, b) = −
pi[(2a+ 1)2 + (2b+ 1)2]
4n
(13b)
These equations can be used to determine the complex
phase of the fields at any fractional Talbot distance lying
between [0, zT ], and thus can be used to construct the
metasurface transmittance function T (x, y) for the case
of generalized Talbot effect as described in Sec. II. It
should be noted that while the above phase functions are
developed only for the special case of z ∈ [0, zT ], similar
procedure can be carried out to cover z ∈ [zT , 2zT ] and
so on [9].
Figure 2 shows two examples, where the above princi-
pal is applied to achieve scaling the spatial period of the
input field by a non-integer factor. In the first example,
the input field has a period of 25 µm and the desired in-
crease in the period m = 4/3 = q/p, so that the output
Λ = (4/3) × 25 µm. The metasurface transfer function
T (x, y) is then constructed using (13a) with n = q = 4
as shown in the middle of Fig. 2. The output of the
metasurface is then free-space propagated by a distance
∆z = (1/p− 1/q)zT leading the output fields, as shown
on the right of Fig. 2, and as expected an increase the
period by a factor of 4/3 is observed. Second example in
Fig. 2 shows a similar result showing a period increase by
a factor of 3/2. It should be noted that while these ex-
amples only illustrate a period increase by a non-integer
factor, similar demonstrations can be easily made for a
reduction as well by utilizing fraction Talbot distances
between [zT , 2zT ].
4IV. METASURFACE IMPLEMENTATION
Metasurfaces are two dimensional arrays of sub-
wavelength electromagnetic scatterers, which are the di-
mensional reduction of a more general volumetric meta-
material structures. By engineering the electromagnetic
properties of the scattering particles, the metasurface can
be used to manipulate and engineer the spatial wave-
front of the incident waves. By this way, they provide a
powerful tool to transform incident fields into specified
transmitted and reflected fields [10]. More specifically,
metasurfaces can either impart amplitude transforma-
tions, phase transformations or both, making them appli-
cable in diverse range of applications involving lensing,
imaging [7][8], field transformations [11], cloaking [12]
and holograming [13], to name a few. Therefore, consid-
ering their versatile field transformation properties and
their electrically thin dimensions, they are ideally suited
to provide abrupt phase discontinuities in free-space re-
quired in the proposed generalized Talbot effect.PSfrag replacements
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FIG. 3. Huygens’ source metasurface based on all-dielectric
resonators. a) Unit cell periodic in x− and y− direc-
tions. b) Typical amplitude transmission (solid) and reflec-
tion (dashed) for the two cases when the two dipole mo-
ments p and m are frequency aligned, and not frequency
aligned, respectively. Design parameters: r1 = 300 nm,
t = 220 nm, Λ = 666 nm, nh = 1.66 (Silica) and n0 = 3.45
and tan δ = 0.001 (Silicon).
To provide the needed phase-only filtering characteris-
tics, the metasurface must exhibit ideally a unit ampli-
tude transmission without any reflections, i.e. |T (x, y)| =
1∀∠T (x, y) ∈ [0, 2pi] and reflectance |R(x, y)| = 0.
These specifications can be conveniently achieved using
a so-called Huygens’ metasurface. A huygens’ configu-
rations consists of an orthogonally placed electric and
magnetic dipole moments [14], p and m, respectively,
as shown in Fig. 3(a), resulting in a complete cancel-
lation of backscattering as a result of destructive inter-
ference of the fields generated by the two dipolar mo-
ments. Metasurface consisting of such scattering parti-
cles is perfectly matched to free-space and thus has zero
reflections, i.e. |R(x, y)| = 0. Under lossless conditions,
a Huygen’s metasurfaces acts as an all-pass surface, with
|T (x, y)| = 1 and ∠T (x, y) = φ0 ∈ [0, 2pi].
A practical Huygen’s metasurface is conveniently real-
ized using all-dielectric resonator arrays which naturally
produce orthogonal p and m with lower losses compared
to their plasmonic counterparts [15]. A good review on
a such all-dielectric metasurfaces can be found in [16]. A
generalized unit cell of an all-dielectric Huygens’ meta-
surface used in this work is shown in Fig. 3(a), consisting
of a high-dielectric holey elliptical puck embedded in a
host medium of a lower refractive index nh. The puck
has an ellipticity of κ and the hole inside the puck has
the elliptical shape as well, but rotated by 90◦. This con-
figuration is particularly useful because its transmission
phase at a fixed frequency, can be conveniently tuned by
varying the inner radius r2 and κ only, without affecting
the thickness, lattice size of the unit cell and the outer
radius r1, and simultaneously maintaining a good match
to free space.
Fig. 3(b) shows a typical response of such a unit cell
for two sets of parameters r2 and κ, whereby in the first
case, the two dipole moments p and m are properly ex-
cited at the same design frequency (250 THz in this ex-
ample). This results in an optimal interaction of the two
dipoles resulting a near-perfect transmission of the wave,
as expected from a Huygens’ source. This situation cor-
responds to phase-only transmission response to be used
shortly in the generalized Talbot system. The second
case, however shows the mis-aligned dipoles resulting in
a strong reflection from the unit cell. This situation thus
corresponds to a near-perfect reflector.
Using these two configurations, a metasurface aperture
can now be constructed to demonstrate a generalized Tal-
bot effect. Let us take an example where the required pe-
riod scaling at the output plane is m = 1.5 = q/p = 3/2.
Since q = 3 is odd, the discrete phase values are first
computed using (13b). Next, the metasurface unit cell
of Fig. 3(a) is designed to approximate these phase val-
ues. Fig. 4(a) shows the transmission and the phase of
three such unit cell designs. The reflection in all cases
is < −10 dB which is sufficiently low in typical practi-
cal situations. Using these transmission responses and
the perfect reflector unit cell configuration, a metasur-
face aperture is formed as shown in Fig. 4(b). This
completes the metasurface design. A plane wave inci-
denting on this aperture, and propagating by a distance
∆z = (1/p−1/q)zT = (1/2−1/3)(100 µm)
2/λ(250 THz),
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FIG. 4. Demonstration of the generalized Talbot effect using an all-dielectric metasurface, to achieve a period scaling by a
factor of m = 1.5, as an example. a) FEM-HFSS simulated transmission and phase responses of three different metasurface
unit cells to approximate the required discrete phases. b) Amplitude and phase transmittance of the metasurface aperture
using the unit cells of (a). c) The output fields at ∆z = (1/p− 1/q)zT under plane-wave excitation of the metasurface aperture
computed using Fourier propagation, i.e. ψ(x, y,∆z) = ψ(x, y, 0) ∗ h(x, y). Only a small part of the overall aperture is shown
for clarity.
transforms into the output fields as shown in Fig. 4(c). As
expected and required, the output period is now 50 µm,
and thus ism = 1.5 times more than the one at the input.
The metasurface thus successfully performs the specified
non-integer period scaling.
V. CONCLUSIONS
A generalized spatial Talbot effect has been proposed
where the period of the input aperture is scaled by a non-
integer real value, as opposed to the integer-only factor in
a conventional Talbot effect. This has been achieved by
engineering phase discontinuity distributions in space us-
ing metasurfaces, in conjunction with free-space propaga-
tion. Specific implementations using all-dielectric meta-
surfaces has also been presented and non-integer scalings
of the input aperture has been demonstrated using nu-
merical results based on Fourier propagation. While the
generalized Talbot effect has been discussed here in the
space domain, the proposed principle is equally appli-
cable in the time domain based on space-time duality,
where in that case, the repetition rate of the periodic
pulse trains may be scaled by a non-integer factor using
temporal phase modulators.
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